LIMEIRA
G
?]

' 4

A

Problema de Corte: modelagem
matematica e resolu¢cao com
auxilio de solver

Kelly Poldi ™|
Carla Ghidini




Conteudo

Parte |

e Definicao;

Aplicacoes;

Problema da mochila;

Formulacao matematica de Kantorovich;
Introducao CPLEX

Parte |l

e Formulacao matematica de Gilmore e Gomory.
e Formulacao matematica de Valério de Carvalho.

e Implementacdes no CPLEX.

LIMEIRA
2019

& SBPO,



LIMEIRA
2019

O problema de corte de estoque & 'SBPO,

Definicao:

Dados objetos grandes, geralmente disponiveis em estoque, o PCE — Problema de Corte
de Estoque consiste em determinar como corta-los em pecas menores, chamadas de
itens, de acordo com algum critério de otimizacao.
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O problema de corte de estoque

Unidimensional

wall CTH
s B & I,
IndUstria de bobinas de aco, bobinas (jumbo) de papel,

esquadrias de madeira, tubos para fabricacao de

aeronaves entre outros.
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Busca no Google Scholar:

e Gau e Wascher e Gau (1995);
e Vance (1998);

e Belov e Scheithauer (2002);
e Stadtler (1990);

e Umetani et al (2003);

e Vanderbeck (2000);

e Poldi e Arenales (2009);

e Gradisar e Trkman (2005);

e Cherrietal (2014);

e Vahrenkamp (1996);

e CuieYang (2010);

e Scheithauer e Terno (1997);
e Leao (2013);
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O problema de corte de estoque

Bidimensional
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O problema de corte de estoque & 'SBPO,

Bidimensional

Busca no Google Scholar:

e Wang (1983);
e Kenyon e Rémila (2000);
_ — e Gilmore e Gomory (1965);
e Steudel (1979);
e Artlr(1966);
w e Christofides e Whitlock (1977);
e Vanderbeck (2001);
e Beasley (1985);
e Herz (1972);
1 e |srano e Sanders (1982);
L L e Morabito (1992);
e Ghidini (2009);

IndUstria de moveis, vidros, papeis, etc
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Tridimensional
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Tridimensional
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Tridimensional
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O problema de corte de estoque &1 'SBPO,

Tridimensional

H H Busca no Google Scholar:
e Morabito e Arenales (1992);

e Antonio, Chu et al (1996);

e Moreira, Oliveira, Gomes (2007);

e Queiroz, Miyazawa e Wakabayashi;
e Hokama, Miyazawa e Xavier (2016);

e Bordfeldt e Wascher (2013) review

Corte de espuma, isopor, etc.

Carregamento de contéineres ou paletes.

E



O problema de corte de estoque

Irregular (nesting problems)
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O problema de corte de estoque

Unico/varios objetos;

Minimizacao do numero de padrdes de corte
Aproveitamento de sobras

Data de entrega

Integracoes
e PCE + problema de dimensionamento de lotes;
e PCE + sequenciamento da producao;
e PCE + roteamento;
e PCE + PDL + sequenciamento;
e etc....
Etc.....
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Ti pOIOgia DYCkhOﬁ (1990) European Journal of Operational Research 44 (1990) 145-159 145

North-Holland

1. | Dimensao

(1) unidimensional A typology of cutting and packing problems

(2) bidimensional
(3) tridimensional Harald DYCKHOFF
( N ) N-dimensional com N > 3 RWTH Aachen, Templergraben 64, D-5100 Aachen, Federal Republic of Germany
2. | Tipo de atribuicao Abstract: Cutting and packing problems appear under various names in literature, e.g. cutting stock or trim
(B) usar todos os objetos e uma selecao dos itens loss problem, bin or strip packing problem, vehicle, pallet or container loading problem, nesting problem,

knapsack problem etc. The paper develops a consistent and systematic approach for a comprehensive
typology integrating the various kinds of problems. The typology is founded on the basic logical structure
of cutting and packing problems. The purpose is to unify the different use of notions in the literature and

3. Classiﬁcagao dos objetos to concentrate further research on special types of problems.
(O) um objeto

(I) varios objetos de um mesmo tipo
(D) vérios objetos de tipos diferentes

(V) usar uma selecao de objetos e todos os itens

Keywords: Cutting, packing, production, distribution, engineering

1. Introduction Table 1 also reflects the rapid development as

well as the wide dispersion of research on this

4. Classiﬁcagéio dos itens The topic of cutting and packing (abbreviated topic. With very few exceptions (Kantorovich,
(F) &1gu1’18 itens de tip os diferentes by C&P in the following) is. characterized by }hc 1939, Br::mks ‘f:l al., 1940) sci_entific work started

fact that problems of essentially the same logical about thirty five years ago. Since then, there has

(M) muitos itens e muitos tipos
(R) muitos itens e algnns tipos (ndo congruentes)
(C) congruentes

o
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Tipologia Wascher et al (2007)

Available online at www.sciencedirect.com

‘_;:,S . D. EUROPEAN

% JOURNAL

¢ dciencelirect OF OPERATIONAL
RESEARCH

ELSEVIER European Journal of Operational Research 183 (2007) 1109-1130

www_elsevier.com/locate/ejor

An mmproved typology of cutting and packing problems

Gerhard Wiischer *, Heike HauBner, Holger Schumann

Otto-von-Guericke- University Magdeburg, Faculty of Economics and Management, P.O. Box 4120, D-39016 Magdeburg, Germany

Received 30 September 2004; accepted 15 December 2003
Available online 19 June 2006

Abstract

The number of publications in the area of Cutting and Packing (C&P) has increased considerably over the last two dec-
ades. The typology of C&P problems mitroduced by Dyckholl [Dyckhoff, H., 1990. A typology of cutting and packing
problems. European Journal of Operational Research 44, 145-159] imitially provided an excellent mstrument for the orga-
nisation and categorisation of existing and new literature. However, over the years also some deficiencies of this typology

0



O problema de corte de estoque

Review Delorme, lori e Martello (2016)

European Journal of Operational Research 255 (2016) 1-20

Contents lists available at ScienceDirect URGFEAN  OURHAL OF

European Journal of Operational Research

journal homepage: www.elsevier.com/locatelejor

Invited Review

Bin packing and cutting stock problems: Mathematical models and @E__mmk
exact algorithms

Maxence Delorme? Manuel lori® Silvano Martello®*

3 DE “Cuglielme Marconi®, Alma Marer Studiorum - Universitd di Bologna Viale Risorgimenro 2, 40036 Bologna, kaly
" DISMI, Universitd di Modena e Reggio Emilin Via Giovanni Amendola 2, 42122 Reggio Emilia, Trahy

ARTICLE INFO ABSTRACT

AFH'ET_E' ﬁf-F_[DF_‘-“-' : We review the most important mathematical models and algorithms developed for the exact solution of
Received 26 ME“'F"_ 2015 the one-dimensional bin packing and cutting stock problems, and experimentally evaluate, on state-of-the
orr sl 1 Ayl 215 art computers, the performance of the main available software tools.

Available online 22 April 2016
@ 2016 Elsevier B.V. All rights reserved.

Keywords:

Bin packing

Cumting stock

Exact algorithms
Compurational evaluartion
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Problema da mochila (knapsack problem)

Suponha que um alpinista deva carregar sua mochila
selecionando alguns itens, dentre varios disponiveis, para
carregar em sua mochila em uma expedicao, sempre levando
em conta a capacidade da mochila.

A cada item é atribuido um valor de utilidade e o alpinista deve
seleciona-los buscando maximizar o valor de utilidade total.
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Problema da mochila (knapsack problem)

Considere:

m : numero de tipos de itens;
v; : valor de utilidade do item tipo i;
p; : peso do item tipo i;

L : capacidade de mochila.
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Problema da mochila (knapsack problem) binario & 'SBPO,

Variavel de decisao:

v = {1 seoitemi é colocado na mochila
l I .

0 caso contrario
Formulagcao matematica: Maximiza valor de
utilidade
m
maxz Vi X
i=1
m Respeita a
. 2 pix; < L capacidade da
swerto a : im1 mochila

x;€EBi=1,..,m

Dominio das variaveis



Problema da mochila (knapsack problem) binario & 'SBPO,

Exemplo:

LIMEIRA
2019

Objeto:

L = 10 : capacidade de mochila; (

m =5 itens;

o O (1

v=>4 6 5 3 1),
p=(G 4 3 2 1)°.

Formulagcao matematica:

max z = 4x; + 6x, + 5x3 + 3x, + x5

it {53(1 +4‘XZ - 3X3 -+ 2X4 +X5 < 10
SUjetoa - X, €EBi=1,..,5

Solucao:

x*=0 1 1 1 1)
z* =15

B
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Problema da mochila (knapsack problem) inteiro & 'SBPO,

Variavel de decisao:

x; =20,i=1,..,m:numero de itens do tipo i alocados na mochila

Formulagdao matematica: Maximiza valor de
utilidade
m
maxz Vi X
i=1
m Respeita a
. z pixi < L capacidade da
sujettoa : i=1 mochila

x; €EZT,i=1,..,m

Pode-se levar varias
unidades do mesmo tipo de
item na mochila



Problema da mochila (knapsack problem) inteiro & 'SBPO,

Exemplo:

L = 10 : capacidade de mochila;
m =5 itens;

v=>4 6 5 3 1
p=(G 4 3 2 1)°.

Formulagcao matematica:

max z = 4x; + 6x, + 5x3 + 3x, + x5

et {le + 4x, + 3x3 + 2x4 + x5 <
sujeito a : .
W x; €ZY,i=1,..,5

LIMEIRA
2019

Objeto:

e

10

x*=0 0 3 0 1)

z* =16

=



Problema bin-packing

Associa-se cada item a uma mochila (bin),
tal que o peso total dos itens em cada
caixa ndo exceda L e o numero de bins

Variaveis de decisao:

v = {1 se o item i é colocado na mochila j
ij = -
70 caso contrario

LIMEIRA
2019

&) SBPO

utilizados seja minimo

i = {1 se a mochila (bin) j é usado
g 0 caso contrario

Formulacao matematica:

minimiza o total

m de bins utilizados
min ) y;
=& _ respeita a capacidade do
z pixij = Ljyj j=1..,m bin, se for usado!
i=
sujeito a : « .
Z x; = 1, i=1,...m Todo item deve ser alocado
= em algum bin j
\_ xijE]B,ijIBB, Vl,]

Note que o limitante superior do nimero de mochilas | 26
é igual ao numero de itens m.
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Formulacao de Kantorovich (1939) &1 'SBPO,

L. V. Kantorovich.
Mathematical Methods of production,
planning and organization.
Leningrad University, Leningrado, 1939,
68 pp. (em Russo)

Kantorovich foi laureado com o Prémio Nobel em Economia, em 1975,
juntamente com TjallingC. Koopmans, por suas contribuicdes para a
teoria de alocacao oOtima de recursos.

o



Formulacao de Kantorovich (1939)

Objetos disponiveis para corte de comprimento L = 0

Produzir itens menores de

comprimentos Iy, L5, ..., L,
e demandas dq, d>, ..., dp,.

Formulacao matematica:

m
minZyj
j=1

sujeito a : 4

LIMEIRA
2019
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Varidveis de decisao:
=
J 0

x;j = 0:numero de vezes que o item i é cortado
do objeto.

se o0 bin (mochila) j é usado
caso contrario

minimiza o total de

objetos cortados

Comprimento total utilizado

é limitado ao comprimento
do objeto, se utilizado!

> atendimento da demanda

=



Formulacao de Gilmore e Gomory (1961, 1963)

Operations Research, Vol. 9, No. 6. (Nov. - Dec., 1961), pp. 849-859.

S

A LINEAR PROGRAMMING APPROACH TO
THE CUTTING-STOCK PROBLEM

P. C. Gilmore and R. E. Gomory

International Business Machines Corporation,
Research Center, Yorktown, New York

(Received May 8, 1961)

The cutting-stock problem is the problem of filling an order at minimum
cost for apecified numbers of lengths of material to be eut from given stock
lengths of given cost. When expressed as an integer programming prob-
lem the large number of variables involved generally makes computation
infeasible. This same difficulty persists when only an approximate solu-
tion is being sought by linear programming. In this paper, a technique is
described for overcoming the difficulty in the linear programming formu-
lation of the problem. The technique enables one to compute always
with a matrix whieh has no more columns than it has rows.

OME lincar programming problems arising from combinatorial prob-

Tavmn hanavan irntvantahla haantian ~AF bha Tarea masvahoae af vraviahlan 3w

A LINEAR PROGRAMMING APPROACH TO THE

CUTTING STOCK PROBLEM—PART II*

. C. Gilmore and R. E. Gomory
IBM Corporation, Yorkiown Heights, New Vork
{Reeeived May 27, 1063)

In this paper, the methods for stock cutting outlined in an earlier paper mn
this JovrNaL [Opns, Res, 9, 840-859 (1961)] are extended and adapted tothe
apacific full-scele paper trim problem. The paper describes a new and
faster knapsack method, experiments, and formulstion changes. The
experiments include ones used to evaluate speed-up devices and to explore a
connection with integer programming. Other experiments give waste as a
function of atoek length, examine the effect of multiple stock lengths on
waste, and the effect of a cutting knife limitation. The formulation
changes digcussed are: (1) hmitation on the number of cutting knives avail
able, (i) balaneing of multinle machine usage when orders are being filled
from more than one machine, and (iii} introduction of & rational objeetive
funetion when customers’ orders are not for fixed amounts, but rather for a
range of amounts, The methods developed are also applicable to a variety
of eutting problema outside of the paper industry.

N AN ecarlier paper® we outlined a eolumn generating procedure to
overcome one of the basie difficultics associated with the cutting stock
problem, the problem of too many cutting patterns, or, in lincar program-

LIMEIRA
2019

& SBPO,

Operations Research, Vol. 11, No. 6. (Nov. - Dec., 1963), pp. 863-888.

29
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Formulacao de Gilmore e Gomory (1961, 1963) &™'SBPO.

Operations Research, Vol. 9, No. 6. (Nov. - Dec., 1961), pp. 849-859. Operations Research, Vol. 11, No. 6. (Nov. - Dec., 1963), pp. 863-888.

A LINEAR PROGRAMMING APPROACH TO THE
A LINEAR PROGRAMMING APPROACH TO TN G DR PO M PA R T Tre

THE CUTTING-STOCK PROBLEM
P. C. Gilmore and R. E. Gomory

IBM Corporation, ¥orkiown Heighis, New York

P. C. Gilmore and R. E. Gomory R
1% LY =iy

International Business Machines Corporation,

Research Center, Yorkiouwn, New York In this paper, the methods for stock cutting outlined in an earlier paper in
. this JourNaL [Opns, Ree, 9, 840-859 (1061)] are extended and adapted to the
(Reeelved Ma}' 8’ 1961) specific full-seele paper trim problem. The paper describea a new and

faster knapsack method, experiments, and formulation changes. The
experiments include ones used {0 evaluate speed-up deviees and to explore a

The cutting-stock problem is the problem of filling an order at minimum eonnection with integer programming. Other experiments give waste as a
cost for apecified numbers of lengths of material to be eut from given stock function of stock length, examine the
lengths of given cost. When expressed as an integer programming prob- wuste, nnd the effeet of a cutting ] ) a H 13 E ht
lem the large number of variables involved generally makes computation changes discussed ave: (i) limitation on N AN earlier paper we outlined a column gEHET&tI[’I.g prﬁccdum to
infeasible. This same difficulty persists when only an approximate solu- able. (il ha{ancinu of multivle machi OVereome one ﬂf th,e hasiﬂ difhﬂultiﬂs ﬂBSDGl&tGd 'ﬁ'it'h thﬂ Gutt‘mg E‘tﬂﬂk
tion is being sought by linear programming. In this paper, a technique is E::Jl':l:::::ﬁ;;';;:;]::;‘: :‘]Tde?:‘l:l:l;l}l . . .
deseribed for overcoming the difficulty in the linear programming formu- aagy of stsomats. Ths nisthod tard PLOLICTH, the problem of too many cutting patterns, or, in linear program-
lation of the problem. The technique enables one to compute always of eutting problems outside of the pap .- : : i
with & matrix which has no more columns than it has rows. ming terms, the problem of too many columns. In this paper we describe
N AN carlier paper®™ we outlined : L - : s s
QO}IE linear programming problems arising from combinatorial prob- overcome one of the basie diffieult the BdﬂpF&tlﬂﬂ and &pplm&t.mn of this ]I'I.Et]':'l.ﬂd to the Bpﬁﬂlﬁ[} pmh'lem' of
o T o problem, the problem of teo many cut paper trim. The changes that were required to make the application

possible were of two kinds, changes in the algorithm ifiself and changes in
formulation, and are described below. The final algorithm can be used in
many other situations such as the slitting of steel rolls, cutting of metal
pipe, ecllophane roll slitting, cte.f

* This research was supported in part by the Office of Naval Research under
Contract No. Nonr 37750003, NR (47040,

t References to earlier work can be found in reference 1. The referee has kindly
brought to our attention the even earlier work of L. V. Kavtorovics, ““Mathematical
Methods of Organizing and Planning Production,'' reprinted in Management Sect. 6,
966-422 {1962).

863



Formulacao de Gilmore e Gomory (1961, 1963)
Definicdo: (padrdo de corte)
aq
Seja a vetor (de dimensao m) a = [ : ]

Am

tal que a; representa o numero de vezes que o item tipo i esta no padrao de corte.

LIMEIRA
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Formulacao de Gilmore e Gomory (1961, 1963)

Sejan o nUmero total de possiveis padrdes de corte.

Assim, o j-ésimo padrao de corte é dado por:

Seja d o vetor das demandas dos itens.

_alj_

amj

em que a;; representa o numero de vezes que o
item tipo [ esta no padrao de corte j.

LIMEIRA
2019

& SBPO,
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Formulacao de Gilmore e Gomory (1961, 1963) &™'SBPO.

Varidvel de decisao:

LIMEIRA
2019

X;: numero de objetos cortados conforme o padrdo de corte j.

Formulagdo matematica:

n
mlnz Xj
j=1

sujeito a : <

Minimiza o total de

J
1

( n
]:

+
LX]'EZ )

a;x;

J

>

d

V)

objetos cortados

> atendimento da demanda

o
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Formulacao de Gilmore e Gomory (1961, 1963) &™'SBPO.

Exemplo:

Considere o problema de corte unidimensional com um Unico tipo de objeto em estoque
de comprimento L = 11 a serem cortados para produzir trés tipo de itens de
comprimentos ¢, = 3cm, £, = 4cm e £, = 5cm e cujas demandas sao 4, 3 e 2,

respectivamente.

Objeto Itens Demanda
d, =4
[ d, =3
dy=2

11cm 3cm 4cm 5cm

E



Formulacao de Gilmore e Gomory (1961, 1963)

Método de Solucao

o LIMEIRA
2019
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Formulacao de Gilmore e Gomory (1961, 1963) &™'SBPO.

Método Simplex* com Geracdo de Colunas (GG, 1961) * Proposto por Dantzig (1945)
1. Particdo basica 4 )
2. Solugao basica inicial: Bxg =d A = B N
3. Varidveis duais (vetor multiplicador simplex): Bm = cp ~ : - y = -
4. Custos relativos: C/N\q = CN, — ntaNq, Vg EN | n=m-+m’ |

Dantzig: €, = min {C/N\q;VQ} cx —mla, = 0 = solugdo 6tima

¢, —mta, < 0 = varidvel k entra na base

5. Direcao simplex
1,Vk

Ck
6. Tamanho do passo

min{c, — wta,} = min{1 — wta,}

7. Atualizacdo e retorna ao passo 3 1 @
36
Problema da mochila



Formulacao de Gilmore e Gomory (1961, 1963) &™'SBPO.

Problema Mestre

n
min x]'
=1

J

sujeito a : <

Lx; € RT, vV j

LIMEIRA
2019

Subproblema

m
g=1-— maxz T;a;

( I=1 m
z ll-al- < L
sujeito a : < i=1
\a; € Z%, i=1,..,m




Formulacao de Valério de Carvalho (1999, 2001)




o LIMEIRA

Formulacao de Valerio de Carvalho (1999, 2001) GOYSBPO.
7|
Exemplo:
Dados: Grafo associado:
la fa [ la

AT
$ 1= G2 e A e

Representacdao de um padrao de corte:

OEDEND))

I“2 [|2

ONOONONO~0

=
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Formulacao de Valério de Carvalho (1999, 2001) &™'SBPO.

Minimizar Vel
Sujeito a: -, se =0
__Z Zi + _Z:ij:< 0, sej=1---,L-1 (VC2)
(i,j)eA (J,k)eA \ f se J =L
szk+l >d;,1=1 (VC3)
(kk+ )

z; €2, V(i,])e A (VC4)



Problema de corte de estoque Bidimensional




PCE Bidimensional

Objeto

Itens demandados

D

b

)

T

T

Wy

1

.=

)

(4)

e

- =

Padrao de corte

LIMEIRA
2019

& SBPO,

@ o T
(2
W
©)) (C)) l
< L —
a=(1, 2, 1, 1)t

E



PCE Bidimensional

Corte guilhotinado:

Padrao de corte guilhotinado:

vertical

horizontal
Cs
i
’ —C,
|
b
C C

LIMEIRA
2019
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PCE Bidimensional &1 SBPO,

PCE2D ]

s

{ Regular

/

o i
[ Retangular { Nao- ]
\—\\‘

Irregular }

/ I retangular
_ _ f Nao-

k Guilhotinado } guilhotinado ]
SN\ VAR

.
Onentado INﬁo-urienlado [ Orientado INﬁu-nrientadu}

-~

~

\, A

Fonte: Suliman 2006 44



PCE Bidimensional

'
=
v

eguilhotinado,

ehomogéneo,
*2-estagios, sem apara

&
=
v

ll.‘)\(wl Il)(*-.r\.'l

lz)(h,ﬁ,f‘2 13XW3

eguilhotinado,
enao-homogéneo,
*2-estagios, com apara

LIMEIRA

2019

& SBPO,

'y

Y

*Ndo guilhotinado

—

E
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PCE Bidimensional — Geracao de Colunas & 'SBPO.

Problema Mestre

Xj
Yoy

n
min

J

sujeitoa :{ Jj=1 Subproblema
UC] (S ]R-I_, \4 ] m

maXZ(lini)ai
i=1

a . e :
.. .{a: padrao bidimensional
sujeito a : N _
a; € 1", i=1,..m

E



PCE Bidimensional

Corte guilhotinado

2 estagios (Gilmore e Gomory, 1965)

horizontal

vertical

o LIMEIRA
2019
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PCE Bidimensional &1 SBPO,

Abordagem grafo e/ou
(Morabito, 1992) /\ OR arc

/ ‘ ~<>\_ AND arc
e SN

N
- N

TR / >\
g E
i
@
E >'>’ i *"/—‘:// =

LI

\\Wm\ =

SR

/
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PCE Bidimensional S
SBPQ
Abordagem grafo e/ou
1-_(l'l
(Morabito, 1992)
3 R, ‘
. .
1:‘El-13 e
R o n <, J’KC_‘E 53
'S, 1la 17 R4 RE
s LT
Hl3 Hl9 I
C C o R
A S
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Final node: 0-cut (one or more items of the same type)

(0O-cut: symbolic cut to end the process)
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